We classify nilmanifolds admitting invariant cocalibrated G 2 -structures.
Introduction
A seven dimensional connected, oriented, Riemannian manifold M with Holonomy contained in G 2 is characterized by existence of a G 2 -reduction P of its orthogonal frame bundle F , on which the Cartan form of the Levi-Civita connection restricts; in other words by the vanishing of the intrinsic torsion τ of P, [21] . Alternatively one can observe that G 2 ⊂ SO (7) is defined as the stabiliser, under the GL(7, R)−action, of a stable 3−form ϕ 0 , or equivalently (the component of) the stabiliser of a stable 4−form φ 0 , both defining the underlying euclidean metric and related by φ 0 = * ϕ 0 . Consequently the principal bundle P is defined by a form ϕ, or φ, satisfying ξ * ϕ = ϕ 0 and ξ * φ = φ 0 for a suitable frame ξ. Then τ is related to ∇ϕ, or ∇φ, and its vanishing is equivalent to both dϕ = 0 and dφ = 0, [11] .
For general linear principal G 2 −bundles, τ equals τ 0 + τ 1 + τ 2 + τ 3 , where each τ h takes values in a bundle modelled on an irreducible G 2 −module χ h , [11] . Conditions dϕ = 0 and dφ = 0 are equivalent to τ 0 = τ 1 = τ 3 = 0 and τ 1 = τ 2 = 0 respectively; if the first holds we say the structure calibrated and, if the second holds, cocalibrated. For instance codimension one submanifolds of Spin(7)-manifolds and closed seven dimensional spin manifolds have naturally cocalibrated G 2 -structures [7] . It is well known that other combinations of torsions are admissible, see [9] , [2] , [3] , [8] .
Generally the calibrated condition is more restrictive than its counterpart, in fact compact examples of manifolds with calibrated structures are not easy to exhibit. In [5] Conti and Fernández classified nilmanifolds with a (left) invariant calibrated G 2 -structure. Some homogeneous cocalibrated structure was studied in [2] , and by Freibert in [13] and [12] . In this paper we present the classification of nilmanifolds admitting cocalibrated structures. Any nilmanifold equipped with an invariant metric is spin, thus, by Theorem 1.8 from [7] , it has a cocalibrated G 2 -structure. As a result we obtain that nilmanifolds defined by Lie algebras in Tables 2, 3 , 8 and 9 admit a cocalibrated G 2 -structure, but not an invariant one.
A nilmanifold is a compact manifold on which a nilpotent Lie group G acts transitively, namely homogeneous of type G/N with N a discrete subgroup [18] . The Lie group G can define a nilmanifold if and only if its Lie algebra g admits a basis {e 1 , . . . , e 7 } with rational structure constants; in this case the De Rham cohomology of G/N can be calculate using invariant differential forms and it is isomorphic to the Chevalley-Eilenberg cohomology of g, see [19] . Invariant forms on G/N are uniquely determined by forms on g, hence we can restrict our attention to seven dimensional nilpotent Lie algebras (classified in [14] ).
The paper is structured as follows. In Section § 2 we recall theory of stable forms in order to describe algebraic properties of G 2 . In Section § 3 we classify G 2 -structures on seven dimensional nilpotent Lie algebras with respect to particular fibrations over six dimensional nilpotent Lie algebras equipped with SU(3)-structures, and produce some obstructions to their existence. Finally in Sections § 4 and § 5 we classify all seven dimensional nilpotent Lie algebras admitting cocalibrated G 2 -structures. Appendix § 7 contains some explicit calculations omitted from the rest of the paper.
Stable forms
In this section we describe some algebraic properties of G 2 in terms of stable forms. We start recalling few classical general results on GL-orbits of forms ( [17] ) and next we focus on form spaces over six and seven dimensional real vector spaces ( [20] ). For a more detailed treatment see [6] .
. Then stable k-forms (equivalently (n − k)-forms) exist if and only if k ≤ 2 or k = 3 and n ∈ {6, 7, 8}.
Moreover, k fixed, there are finite many open orbits.
Theorem 2.2. Suppose n even and k ∈ {2, n − 2} or n ∈ {6, 7, 8} and k ∈ {3, n − 3}. Then there exists an GL(V)-equivariant map
homogeneous of degree ( n k ), such that Ker(ε) = {non stable forms}. Moreover if we consider a stable k-form ρ and define the dual formρ ∈ Λ n−k V * as
thenρ is stable, the identity component of its stabiliser equals that one of ρ and verifieŝ
Stable forms in six dimensions
Consider n = 6. In Λ 2 V * there exists only one open orbit. In particular we have the following
For our purpose we are interested in particular pairs of stable forms, described by the following
and suppose
If h is positive definite then the stabiliser of the pair (ω, ψ − ) is a subgroup of SO(V, h) isomorphic to SU(3), i.e. the pair defines an SU(3)-structure where J ψ − is the complex structure, Ψ = −J * ψ − ψ − + iψ − the complex volume form and h the underlying hermitian metric. Further any other SU(3)-structure is obtained in this way.
Moreover, considering the real part
and there exists a suitable (h-orthonormal) co-frame f 1 , . . . , f 6 such that
Stable forms in seven dimensions
Consider n = 7. Given a 3−form ϕ consider the symmetric 2-form b ϕ on V with values in
Then the volume form map (2.1) can be defined as
Theorem 2.6. Let ϕ be any stable 3-form and g ϕ the symmetric 2-form on V defined by
are the only open orbits in Λ 3 V * . If ϕ ∈ Π + (V) we say it (and its dual form) positive, its stabiliser is a subgroup of SO(V, g ϕ ) isomorphic to G 2 , its dual form φ equals * g ϕ ϕ and in a suitable (g ϕ -orthonormal) co-frame f 1 , . . . , f 7 results
Remark 1. Since the stabiliser of a positive 4-form is isomorphic to G 2 × Z 2 , and the correspondence between positive forms {ϕ → φ} is 2 : 1, a G 2 -structure is defined by φ together with an orientation (see [1] ).
Cocalibrated structures
In this section we classify seven dimensional nilpotent Lie algebras with a cocalibrated G 2 -structure in terms of fibrations over six dimensional nilpotent Lie algebras endowed with a particular SU(3)-structure.
Consider an oriented seven dimensional nilpotent real Lie algebra g with center z and volume form ε ∈ Λ 7 g * , a non zero vector X ∈ z and the following short exact sequence of Lie algebras 0
Remark 2. There is a natural isomorphism of real algebras
Proposition 3.1. Let φ be a stable 4-form on g defining a cocalibrated G 2 -structure compatible with the orientation, g the underlying metric and η the dual form of 1 ||X|| X with respect to g. Then the pair of forms (ω,
defines an SU(3)-structure on h, is normalized, and satisfies
Vice versa let (ω, ψ − ) ∈ Λ 2 h * × Λ 3 h * be a pair of stable forms defining an SU(3)-structure on h, compatible with the orientation π * (ι X ε) and normalized; η ∈ Λ 1 g * a 1−form for which Equation (3.2) is satisfied and the symmetric 2−form π * h+η·η is positive definite. Then the 4−form φ defined by (3.4) induces a cocalibrated G 2 -structure with underlying metric g defined by (3.3) and volume form ε.
Proof. Define
It is easy to see 4 that those are stable forms inducing an SU(3)-structure on X ⊥5 , and are normalized. Moreover, because of both ψ − and σ vanish on X, h inherits an SU(3)-structure defined by the two stable forms π * ψ − and π * σ, which we will denote as ψ − and σ, and such that π is an isometry on X ⊥ . From L X = 0 we deduce that forms ψ − and σ satisfy Equation (3.2), in fact Thus we have the following obstruction to existence of cocalibrated G 2 -structures on nilpotent Lie algebras:
Remark 3. We will see that, except for the nilpotent Lie algebras listed in Tables 3 and 9 , when g does not satisfy hypothesis of Corollary 3.2, then cocalibrated G 2 -structures exist.
Another result which will be useful later is the following Lemma 3.3. Let (ω, J) be an SU(3)-structure on a six dimensional vector space V with fundamental 2-form ω, orthogonal complex structure J and hermitian metric h. Then for any J-invariant 4−dimensional subspace W of V results σ| W 0, where σ is the dual form of ω.
Proof. Let x, y ∈ W non zero vectors such that {x, Jx, y, Jy} is a h| W -orthonormal real basis of the space W, and z a non zero unit vector in W ⊥ . Then {x, Jx, y, Jy, z, Jz} is a real h-orthonormal basis of V. It follows that
thus σ| W 0.
Decomposable case
In this section we classify all seven dimensional decomposable nilpotent Lie algebras which admit a cocalibrated G 2 -structure.
Let g be a seven dimensional decomposable Lie algebra and z its center. Recall that an SU(3)-structure with fundamental 2-form ω and complex volume form Ψ is said to be Half-Flat if and only if dω = 0 and dRe (Ψ) = 0.
Lemma 4.1. Suppose g decomposes as h ⊕ R where h is a six dimensional nilpotent Lie algebra admitting an Half-Flat SU(3)-structure and acting trivially on the factor R by the adjoint representation. Then g admits a cocalibrated G 2 -structure.
and (ω, ψ + + iψ − ) an Half-Flat SU(3)-structure on h, where ω is the fundamental 2-form and ψ + , ψ − the real and imaginary part of the complex volume form. Observe that also (ω, −ψ − + iψ + ) defines an SU(3)-structure. Let η be the 1−form on g defined by η(e 7 ) = 1,
By hypothesis it verifies dη = 0. Therefore, putting
the triple (ω, ψ − , η) satisfies conditions of Theorem 3.1, hence defines a cocalibrated G 2 -structure.
Proof. Let g be any decomposable seven dimensional nilpotent real Lie algebra. If g lies in Table 2 then there exists a non zero vector X ∈ z such that
hence, by Corollary 3.2, it does not admit a cocalibrated G 2 -structure. If g appears in Table 3 , let φ be any closed 4-form. Put X = e 7 , η any 1−form satisfying η(X) > 0, and define, as in Proposition 3.1, forms σ and ψ − on h. By way of contradiction suppose φ stable. Then there exists a solution of Equations (3.2) and (3.3). Now, for any volume form on h, the equation
forces the subspace W = Span (π(e 3 ), π(e 4 ), π(e 5 ), π(e 6 )) ⊂ h to be J ψ − -invariant. But one can check 6 that the equation
implies σ| W = 0, contradicting Lemma 3.3. Any other g is the central extension of a six dimensional nilpotent Lie algebra h appearing in Table 1 . Such h has an Half-Flat SU(3)-structure (see [4] ), hence, by Lemma 4.1, g admits a cocalibrated G 2 -structure.
Indecomposable case
In this section we classify all seven dimensional indecomposable nilpotent Lie algebras which admit a cocalibrated G 2 -structure.
Let g be a seven dimensional decomposable Lie algebra and z its center.
Proposition 5.1. Among all seven dimensional, indecomposable, nilpotent, Lie algebras those admitting a cocalibrated G 2 -structure are listed in tables 4 -7. Table 4 : Indecomposable 2-step nilpotent Lie algebras admitting cocalibrated G 2 -structures. Proof. Let g be any indecomposable seven dimensional nilpotent real Lie algebra.
If g appears in Table 8 then there exists a non zero vector X ∈ z satisfying
hence, by Corollary 3.2, admits no cocalibrated G 2 -structures. If g appears in Table 9 , as we have seen in the proof of Proposition 4.2 for Lie algebras in Table 3 , putting X = e 7 , W = Span (π(e 3 ), π(e 4 ), π(e 5 ), π(e 6 )) ⊂ h and proceeding by contradiction one can prove that it admits no cocalibrated G 2 -structures. For any other Lie algebra g we can choose a non zero vector X ∈ z and define a triple of forms (ω, ψ − , η) (see Table 10 ) which satisfies hypothesis of Proposition 3.1, and consequently defines a cocalibrated G 2 -structure. Those algebras are listed in tables 4 -7.
Concluding remarks
We have thus classified all seven dimensional nilpotent Lie algebras admitting cocalibrated G 2 -structures. We obtained several such structures according to the fact that, on a closed manifold, if there exists a G 2 −structure then there exists also a cocalibrated one, [7] . Our classification concerns the invariant case which turns out to be less sporadic, although rich enough to contain many samples. Now, following [10] , we are interested in studying nilsoliton metrics induced by cocalibrated structures, in order to find more restrictive existence conditions. Moreover we hope to analyse the behaviour of certain flows of G 2 -structures in such context: in particular the modified laplacian co-flow introduced in [15] , for which short-time existence is proved.
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Appendix
In this appendix we perform some explicit calculations omitted from Propositions 4.2 and 5.1.
Let g be a nilpotent seven dimensional real Lie algebra, z its center, 0 X ∈ z and h defined by (3.1). Fix a basis {e 1 , . . . , e 7 } of g and consider an arbitrary closed form φ ∈ Λ 4 g * , φ = 
and consider ψ − = π * (−ι e 6 φ) = i< j<k φ i j67 f i j6 − φ i jk6 f i jk .
It turns out that
Then it results 
It turns out that
By way of contradiction suppose φ to be stable and consider
where η is the dual form of e 7 with respect the metric induced by φ. Then ψ − lies in Λ − (h) and for any volume form ε ∈ Λ 6 h * results
 * * 0 0 0 0 * * 0 0 0 0 * * * * 0 0 * * * * 0 0 * * * * * * * * * * * *
with respect to the basis { f 1 , . . . , f 6 }, hence the 4-dimensional subspace W = Span( f 3 , . . . , f 6 ) is J ψ − -invariant. By assumption the 4−form
is the Hodge dual of the fundamental 2-form ω of an SU(3)-structure on h, but it is easy to see that
or equivalently σ| W = 0, contradicting Lemma 3.3. Hence g admits no cocalibrated G 2 -structures. 
3 holds, and A so that det(g) > 0 holds. 
